Fourier Series

Mathematicians of the eighteenth century, including Daniel Bernoulli and Leonard Euler, expressed
the problem of the vibratory motion of a stretched string through partial dilerential equations that had
no solutions in terms of OOelementary functions.00  Their resolution of this di"culty was to introduce
inPnite series of sine and cosine functions that satisped the equations. In the early nineteenth century,
Joseph Fourier, while studying the problem of heat Bow, developed a cohesive theory of such series.
Consequently, they were named after him. Fourier series and Fourier integrals are investigated in this

and the next chapter. As you explore the ideas, notice the similarities and di'erences with the chapters
on inPnite series and improper integrals.

PERIODIC FUNCTIONS

A function f!x" is said to have aperiod T or to be periodicwith period T ifforall x,fIx# T"$ fIx",

whereT is a positive constant. The least value of > 0 is cdled the least periodor simply the periodof
fIx".

EXAMPLE 1. The function sinx has periods Zr, 4x, 67, ..., since sinx # 27", sinlx # 4rn",sin!x # 67", ... all
equal sinx. However, 27 is the least periodor the periodof sinx.

EXAMPLE 2. The period of sinnx or cosnx, wheren is a positive integer, is 2Z/n.

EXAMPLE 3. The period of tanx is 7.

EXAMPLE 4. A constant has any positive number as period.

Other examples of periodic functions are shown in the graphs of Figures 13d)( (b), and (c) below.
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FOURIER SERIES

Let f1x" be debned in the interval# L, L" and outside of this interval by f1x $ 2L" %f1x", i.e., f1x"
is 2L-periodic. It is through this avenue that a new function on an inbPnite set of real numbers is created
from the image on'# L, L". The Fourier seriesor Fourier expansioncorresponding to f1x" is given by

4o >3 Z( cos™*$ 5, sin ?) 11"
n%l

where theFourier coelcients g, and b, are

1 L
a, %ZJ f!x“COS% dx

#L n%0,1,2, ... 1"
L

1 nwx
b, % — Ix"sin—d
! OLJ#LfX r“

ORTHOGONALITY CONDITIONS FOR THE SINE AND COSINE FUNCTIONS

Notice that the Fourier coelcients are integrals. These are obtained by starting with the series]),
and employing the following properties called orthogonality conditions:

L mimx nix

(a) COS—— c0S—— dx %0 if m 6% and L if m %n
1 L L
L
) sin 27 gin X v %0 if m 6% and L if m %n 3)
" L L
L mmx nit.
c sin 77 cos™™ 4x %0. Wherem and n can assume any positive integer values.
L L
#L

An explanation for calling these orthogonality conditions is given on Page 342. Their application in
determining the Fourier coelcients is illustrated in the following pair of examples and then demon-
strated in detail in Problem 13.4.

EXAMPLE 1. To determine the Fourier coelcient ay, integrate both sides of the Fourier seriesl, i.e.,
L nmwx
i ] dx

L L do L
J fx dX%J de$J Z{a cos ™ $b,lsn 3

#L #L #L 1om

L

L
Now J

oL L
. ) 1
sin nrx dx %0, J cosE dx %0, therefore, aq %—J fIx"dx
L L L)y,

9 dx %aOL,J
2 "3

#L #1

EXAMPLE 2. To determinea;, multiply both sides of (1) by cosT and then integrate. Using the orthogonality

o 1 X
conditions (3), and (3)., we obtain a; %LJ fIx" cosT dx. Now see Problem 13.4.
#L

If L%, the series 1) and the coelcients (2) or (3) are particularly simple. The function in this
case has the period 2.

DIRICHLET CONDITIONS
Suppose that

(1) flx"is dePned except possibly at a Pnite number of points i# L, L"
(2) f!x"is periodic outside!# L, L" with period 2L
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(3) f(x) and f'(x) are piecewise continuous if—L; L).

Then the series 1) with Fourier coelcients converges to

(a) f(x)if xis a point of continuity

@ [EHOH/-0

Here f(x + 0) and f(x — 0) are the right- and left-hand limits of /(x) at x and represent I|m f(x+")and
I|m f(x —1"), respectively. For a proof see Problems 13.18 through 13.23. =0

The conditions (1), (2), and (3) imposed orf(x) are sulcient but not necessary, and are generally
satisped in practice. There are at present no known necessary and su!cient conditions for convergence
of Fourier series. It is of interest that continuity of /(x) does notaloneensure convergence of a Fourier
series.

if x is a point of discontinuity

ODD AND EVEN FUNCTIONS

A function f(x) is called odd if f(—x) = —f(x). Thus, x*; x°> — 3x® + 2x; sinx; tan 3x are odd
functions.

A function f(x) is called evenif f(—x) =f(x). Thus, x* 2x® — 4x* + 5; cosx; ¢ + ¢~ are even
functions.

The functions portrayed graphically in Figures 13-1¢) and 13-1(b) are odd and even respectively,
but that of Fig. 13-1(c¢) is neither odd nor even.

In the Fourier series corresponding to an odd function, only sine terms can be present. In the
Fourier series corresponding to an even function, only cosine terms (and possibly a constant which we
shall consider a cosine term) can be present.

HALF RANGE FOURIER SINE OR COSINE SERIES

A half range Fourier sine or cosine series is a series in which only sine terms or only cosine terms are
present, respectively. When a half range series corresponding to a given function is desired, the function
is generally debned in the interval0O; L) [which is half of the interval (—L; L), thus accounting for the
namehalf rangd and then the function is specibPed as odd or even, so that it is clearly dePned in the other
half of the interval, namely, (—L; 0). In such case, we have

2 (L . n'x .
a,=0;, b,= ZJ f(x)sin 7 dx for half range sine series
0

4

_ 2 (L n" x . . .
b,=0;, a,= 7 . f(x) COST dx for half range cosine series

PARSEVAL’S IDENTITY

If a, and b, are the Fourier coelcients corresponding to f(x) and if f(x) satisbPes the Dirichlet
conditions.

1 L 2 00
Then ZJ_L{ FO)¥dx = EO ; a® + b?) (5)

(See Problem 13.13.)
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DIFFERENTIATION AND INTEGRATION OF FOURIER SERIES

Dilerentiation and integration of Fourier series can be justiPed by using the theorems on Pages 271
and 272, which hold for series in general. It must be emphasized, however, that those theorems provide
su“cient conditions and are not necessary. The following theorem for integration is especially useful.

Theorem. The Fourier series corresponding td !x" may be integrated term by term fromato x, and the
"X
resulting series will converge uniformly to fIx"dx provided that f!x" is piecewise continuous in

a
#L @ x @ L and both a and x are in this interval.

COMPLEX NOTATION FOR FOURIER SERIES

Using EulerOs identities,

é' $ cos! %isin!; &' $ cos! # isin! 16"
wherei $ P #1 (see Problem 11.48, Chapter 11, Page 295), the Fourier series fitx" can be written as
X -
f !Xll $ Cn én x=L !7u
n$#l
where
1 !L é; "x=L
c,$ =~ fix'e" *dx 18"
n$ 2L 4

In writing the equality (7), we are supposing that the Dirichlet conditions are satisped and further
that f!x" is continuous atx. If f!x" is discontinuous atx, the left side of (7) should be replaced by
IfIx %0" %fIx # 0"

> :

BOUNDARY-VALUE PROBLEMS

Boundary-value problems seek to determine solutions of partial dilerential equations satisfying
certain prescribed conditions calledboundary conditions. Some of these problems can be solved by
use of Fourier series (see Problem 13.24).

EXAMPLE. The classical problem of a vibrating string may be idealized in the following way. See Fig. 13-2.

Suppose a string is tautly stretched between point®; 0" and !L; 0". Suppose the tensionF, is the
same at every point of the string. The string is made to
vibrate in the xy plane by pulling it to the parabolic
position g!x"$ miLx # x** and releasing it. ( is a 2(x)
numerically small positive constant.) Its equation will
be of the formy $ flx;t". The problem of establishing
this equation is idealized by §) assuming that the con-
stant tension,F, is 9 large as compared to the weighivL
of the string that the gravitational force can be neglected, L=1
(b) the displacement at any point of the string is so small m=1
that the length of the string may be taken ad. for any of 1
its positions, and () the vibrations are purely transverse. -

w
The force acting on a segmentPQ is —! x—5;
9 9 Q g @2 g(x) =m(Lx — x?)

X< X;< X%! X; g& 32ftpersec®. If # and $ are the
angles thatF makes with the horizontal, then the vertical Fig. 13-2
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di'lerence in tensions isF!sin! " sin"# This is the force pgoducing the acceleration that accounts for
the vibratory motion. ( )
NOV\#I Ffsin! " sin"g$ F

............... Mg ninuuunig Fftan! " tan"g$ F @!x %! x;t#"
@ 1%tan?! 1%tan?" @
@!x; t# , where the squared terms in the denominator are neglected because the vibrations are small.

Next, equate the two forms of the force, i.e.,

F %!x%! x;t#"g!x;t# $ ‘g! @

@
o
divide by ! x, and then let! x! 0. Afterletting ! $ % the resulting equation is
G
@ @

This homogeneous second partial derivative equation is the classical equation for the vibrating
string. Associated boundary conditions are

yIo;t# S0 ylL;t#$0;t> 0

The initial conditions are

yIx; O# $ miLx " xz#%!x;o#$0;0< x<L

The method of solution is to separate variables, i.e., assume
yIx; t# $ Glx#H It#
Then upon substituting
Gix#H %t# $ 1 2GOf#H 1t#
Separating variables yields

GOO H 00
e $ k; 0 $ ! %k; wherek is an arbitrary constant

Since the solution must be periodic, trial solutions are
T T

GIx#$cisin " kx%c,cos " kx;< 0
T 1in

H!t# $cgsinl " kt%c,cos! " kt

Therefore
T T T I

y$ GH $'cisin " kx%c,cos " kx('czsin! " kt%c,cos! " kt(

The initial condition y$ 0 atx $ O for all t leads to the evaluationc, $ 0.

Thus
T T T

y$'csin "'"k';((‘cesin! "‘“Ikut'%c4cos! "'"k'f(
1 1m

Now”impose the boundary condition y$ 0 at x$ L, thus 0$'cysin " kL('cg sin! " kt%

cycos! " kt(

c; 6%0 as that would impl}/] y$ 0 ancliha trivial solution. The ne>§t simplest solution results from the
1

choice "k $ T sincey $ c¢; smfx c3 sin! T t %, cos! Tt and the brst factor is zero when
x$ L.
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With this equation in place the boundary condition %!x, 0"# 0,0 <X < L can be considered.

o h o ih i

# csin—X C cos nnt$c nstin nﬂt
ot 3T COSY 4 ST
Att# 0
o#hc sinn”xic ki
1 L 305L

. .. n . . . .
Since ¢; 6#0 and smfn X is not identically zero, it follows that ¢; # 0 and that
# hc sinnnxlhc i cos i tI
y 1 L 40 “T

The remaining initial condition is
yIX, 0" # miLx $ x*",0 <x <L

When it is imposed
2u nt . nm

# Cc/Cua — sin — X
1G4 L

However, this relation cannot be satisfied for all X on the interval !0, L".

miLx $ x

Thus, the preceding

extensive analysis of the problem of the vibrating string has led us to an inadequate form

y#cc nmw . I’UTX nnt
od— SIn — XCOSo—
2L L L

and an initial condition that is not satisfied. At this point the power of Fourier series is employed. In
particular, a theorem of differential equations states that any finite sum of a particular solution also is a

solution. Generalize this to infinite sum and consider

% n n
y # bnsin—”xcosoc—nt
i L L

with the initial condition expressed through a half range sine series, i.e.,

X n
bnsin—nx# miLx $ x>", t# 0
n# 1 L

According to the formula of Page 338 for coefficient of a half range sine series
I
L L W . hmx
%bn# O!LX$X2 SlanX

That is
L ' nmx ' nmx
. nw . nw
%bn# 0LXsdeX$ OxzsdeX

Application of integration by parts to the second integral yields

L !L 3 !L

ncx L L nx
—b,# L Xsin%dx%n—cosnyr% —cos%zxdx

2m 0 7T 0 nmw

When integration by parts is applied to the two integrals of this expression and a little algebra is

employed the result is

412
b, # 11$ cosnr"

| n]T"3
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Therefore,

1
. nmw ni

»1 Y b,sin— x cosa—
n 1 L L

with the coelcients b, debned above.

ORTHOGONAL FUNCTIONS

Two vectors A and B are calledorthogonal (perpendicular) if A"B! Oor A;B1# A,B, # A3B3! 0,
where Al Aqi# A,j# Azk and B! Bii# B,j# Bzk. Although not geometrically or physically evi-
dent, these ideas can be generalized to include vectors with more than three components. In particular,
we can think of a function, say, A%%as being a vector with aninfinity of components (i.e., an infinite
dimensional vector), the value of each component being specibed by substituting a particular valueofn
some interval$z, b% It is natural in such case to debne two functionsd$c%@and B$%as orthogonal in
$u, bYGf

b
J ABIBS Yy | O %

a

A vector A is called aunit vector or normalized vector if its magnitude is unity, i.e., if A"A 1 421 1.
Extending the concept, we say that the functiord$c%s normal or normalized in $u, b%f

b
J fASYSyix ! 1 $0%
From the above it is clear that we can consider a set of functionp, $%gc ! 1,2,3,..., having the
properties
b
J OB %, $%lx ! 0 m6!n 1%
b
J fo,S%yx! 1 m! 1,23,... 2%

In such case, each member of the set is orthogonal to every other member of the set and is also
normalized. We call such a set of functions awrthonormal set.
The equations (1) and (/2) can be summarized by writing

b
J S, S | 5,1, 3%

where §,,,, called Kronecker’s symbol, is debPned as 0 itn 6'n and 1 if m! n.

Just as any vector in three dimensions can be expanded in a set of mutually orthogonal unit vectors
i,j,kinthe form r! ci# c»j # ¢35k, so we consider the possibility of expanding a function/$:%n a set
of orthonormal functions, i.e.,

1
fE%!Y cp % a@x@b 4%
n! 1

As we have seen, Fourier series are constructed from orthogonal functions. Generalizations of
Fourier series are of great interest and utility both from theoretical and applied viewpoints.
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Solved Problems

FOURIER SERIES

13.1. Graph each of the following functions.

I
T3 O<x <5 ]
la" fIx"# Period# 10
$3 $5<x <0

oy
~«— Period —~

—— - —— -——— - } [— —_——— - —_————
3

T T T T Y T T
-25 -20 -15 -10 -5 of 3 5 10 15 20 25

Fig. 13-3

Since the period is 10, that portion of the graph in$5 < x < 5 (indicated heavy in Fig. 13-3 above) is
extended periodically outside this range (indicated dashed). Note thaf!x" is not debned at
X# 0,5 %$5,10,$10,15 $15, and so on. These values are thdiscontinuitiesof f !Ix".

|
“sinx 0@ X
b fIxX" # @x@7  Loiod# 21
0 T <X <27

&) fa—— Period ——

—3p —-2p -P 0 p 2p 3p 4p

Fig. 13-4

Refer to Fig. 13-4 above. Note thatf!x" is dePned for allx and is continuous everywhere.

8
20 0@x<2
Ic" f!x"#>l 2@ X <4 Period# 6
"0 4@x <6
fx) _
[«—— Period —=
R _—— ——= —_— - S
1
T T T _i x
L T T 0 13 T T T T =T
-12 -10 -8 —6 —4 -2 0 2 4 6 8 10 12 14

Fig. 13-5

Refer to Fig. 13-5 above. Note thatf !x" is debPned for allx and is discontinuous atx # %2, %4, %8,
%10, %14, .. ..
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L k! x L k! x
13.2. Prove sin — dx " cos —dx" 0 if k" 1;2:3;....
1L L L L
| "
L k! x L K! X L L
mn —— | R _—n " R | R I k1l O "
!Lsm 3 dx ! i oS R cosk! # i cos$! k! % "0
| "
L k! x L K! X - L L
w Lo o b b e el o
!Lcos . dx % sin - i sink! ! K sin$! k! % "0
' m! x n! x ' mx . nlx #0 6"
13.3. Prove (a) cos —— cos — dx " sin —— sin —— dx " m" n
L L L L L L L m"n
I
L
m! x n! x
b in — —dx" 0
(b) !Lsm 3 cos 3

where m and n can assume any of the values 1;2;3;....

a) From trigonometry: cosAcosB" Lfcos$A! B% #cos$A # BY%g sinAsinB" Lfcos$A! B% !cos
2 2

A # B%g
Then, if m6"n, by Problem 13.2,
! l#
L mx nx,, 1" gm! n%x m# n%xg‘5 .
cos ——cos — dx " — cos ——# cos—— dx" 0
LT L 210 L

Similarly, if m 6"n,

! 1 # $
L mix . onx 1t gm! nY%x n# n%x |
sin —— sin — dx " = cos ——— ! cos—— dx" 0
L L L 2. L L
If m" n, we have
| I %
‘L L
m! X nl x 1
cos —— cos — dx " = 1# cos dx" L
1L L L 2L
I I % &
L omix . onx, 1t 2n! x .
sin —— sin — dx " = 1! cos dx" L
L L L 20,

Note that if m" n these integrals are equal to 2L and 0 respectively.

(b) We have sinAcosB" %fsin% I B% #in$A # B%g Then by Problem 13.2, if m6"n,

! 1 # $
L omix nix 1’87 gm!l n%x . $m# n%x
sin —— cos — dx sin # sin

- dx" 0
L L 2L L L

Ifm" n,

|
L m! x n! x

I
. Lt onrx
smTcosde 3 !Lsm dx" 0

1L
The results of parts (a) and (b) remain valid even when the limits of integration ! L; L are replaced
by c; c# 2L, respectively.

X nl x nt %
13.4. If the series A # a, cos T# b, sin - converges uniformly to f &%n $! L; L%show that

forn" 1:2:3: ..
N N

| |
f$<%osnl'_—xdx; $%b, " — f$<%in”'L—de; KA "

1 ay
0 L .
8%a, L. . 5
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(@) Multiplying

1 I 1
fIx"# AS$ Z(ancosn'—x$ b, sin n7x> 11"
v L L

m! x . . .
by cosT and integrating from %L to L, using Problem 13.3, we have

oL | L |
J f!x"cosM dx # AJ cosM dx
ool L %ol L
$1 L m! x n!xd$b L m!x.n!xCI
; 8 | cos==cosT—dx$ by | cos==sin——dx

%L

# a,L if m6#0

|
Thus an # %J f!x"cos% dx if m# 1,2;3;...

I
(b) Multiplying ( 1) by sin % and integrating from %L to L, using Problem 13.3, we have

oL L
. mlx . mlx
J fIx" sin —— dx # AJ sin —— dx
%L L %L L

1 L L
. mlx n! x .mlx . nlx
$ n#El{aﬂJ%— smTcosT dx $ an sstdex}

%L

# byl

1t . ml .
Thus b, # —J f!x"smmdx if m# 1;2;3;...
L Jou L

() Integrating of (1) from %L to L, using Problem 13.2, gives

L

L
J fIx"dx # 2AL or A# ij fIx"dx
%L 2L Jou

L

Putting m# 0 in the result of part (@), we Pndag # %J fIx"dx and soA # %

%L

The above results also hold when the integration limit96L; L are replaced byc;c$ 2L:

Note that in all parts above, interchange of summation and integration is valid because the series is
assumedo converge uniformly to f!x" in !%L;L". Even when this assumption is not warranted, the
coelcients a,, and b, as obtained above are calledrourier coe!cients corresponding tof !x", and the
corresponding series with these values @, and by, is called theFourier seriescorresponding tof !x".
An important problem in this case is to investigate conditions under which this series actually converges
to fIx". Sulcient conditions for this convergence are theDirichlet conditionsestablished in Problems

13.18 through 13.23.

13.5. (@) Find the Fourier coe!cients corresponding to the function

0 %<x<0

3 0< x<5 Period# 10

e |

(b) Write the corresponding Fourier series.
(c) How should f!x" be debned a # %5; x # 0; and x # 5 in order that the Fourier series will

converge tof Ix" for %5 @ x @ 5?
The graph of fIx" is shown in Fig. 13-6.
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)

~— Period —

- - ——-——é_ -—-—— -
+f_
5

-15 -10 -5

Fig. 13-6

(@ Period! 2L ! 10and L! 5. Choose the interval cto c" 2L as #5to 5, so thatc!# 5. Then
1 I

Tl s
a,! 1 f$(%osnﬂ—xdx! ! f$<%osnlxdx
L. L5 s FER
I nmx 3 nmx 3% nmx
- SI)%osidx" $3%osldx 12 cos 22 dx
5 a5 5 0 5 5
3$5 n xo/
12 2sn22 &1 0 ifnelo
5 nm 5 o
3!5 0 3!5
X
Ifnt 03! a! Ocos%dx! L
llc" 2L nmx 1!5 nmx
b,! — f&%in — dx! — f &%in — dx
L L 5 4s 5
1 Fo nmx s nmx # 3!5 nmx
[ ®%in — dx" BW%in — dx ! = sin — dx
5$ s 5 o 5 5,075
3 5 nmx 38 # cosnn%
I 2 # 2 cos—— &1 20T
5 nr 5 0 nm

(b) The corresponding Fourier series is

a, * o onob 3, % 38 # cosnn%.  nax
- an bysin — | = - %§in—
2, L2 e 5
! 4 %
3.6 . ax, 1 . 3ax, 1 . 57ax
! E" = sm%" gsm—]; " gsm—z "&&&

(c) Since f &%satisfies the Dirichlet conditions, we can say that the series converges to f &%at all points of
f&" 0%"f&# 0%

continuity and to at points of discontinuity. Atx !# 5,0, and 5, which are points

2
of discontinuity, the series converges to 8" 092! 3/2 as seen from the graph. If we redefine f &%as
follows,
8
3/2 X1# 5
0 #5<x<0
f&%!_3/2 x! 0 Period ! 10
3 0<x<5
" 3)2 x5

then the series will converge to f &%or #5 < x < 5.

13.6. Expand f$% ! x>, 0 < X < 27 in a Fourier series if (a) the period is 277, (b) the period is not
specified.

(@) The graph of f&%with period 27 is shown in Fig. 13-7 below.
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f(x)
/ / / / /
/ / / / //
/ / / /
/ 7 / 4’ / ’
s/ 7/ 4 Vs //
-7 i —// l - g - X
7é”r 74[#[ 7127'[ 0 2l:'r 417 ()I'L
Fig. 13-7
Period=2L =27 and L =x. Choosingc = 0, we have
| |
1 * 2L nex 1 * 2
a, =— f(x)cos = dx == x2cosnxdx
L c L T 0
l$ ’ sin nf ’ cosnx ' sin nf o%” 4
) _ _
= — (X —(2x 2 = — n 0
) @) —z— +2 —5— & =@ 07
|
1° 2 2
If Nn=0,ay=— xzdx:gl.
T o 3
| |
1 *c+2L . nmx 1 * 2n )
b, == fx)sin 0= dx == x2sinnxdx
L c L T o
1$ " cosnk ' sin nf ' cosm;(# %g' 4
2 —4&7
== (x?) - — () - 2 =—
S0 S @0 T @ .
" #
47 X 4 .
Thenf(x):xzzi+ —Zcosnx——nsmnx .
3 ney N n
This is valid for 0 < x < 27. At x = 0 and x = 2r the series converges tosZ.
(b) If the period is not specibed, the Fourier series cannot be determined uniquely in general.
2
13.7. Using the results of Problem 13.6, prove that5 + 5+ 5+ --- = —.
g P 22" 6
72 X4
At x = 0 the Fourier series of Problem 13.6 reduces t93—+ =
n=1

By the Dirichlet conditions, the series converges at = 0 to %(0+ A7) = 272,

472 X0 4 X1 A
Then - + — =27 andso = T
3 ag N nog M 6

ODD AND EVEN FUNCTIONS, HALF RANGE FOURIER SERIES

13.8. Classify each of the following functions according as they are even, odd, or neither even nor odd.

2 O<x <3

a) f(x)= Period = 6
@ () -2 -3<x<0
From Fig. 13-8 below it is seen thatf (—x) = —f (x), so that the function is odd.
$
cosx O<x<m .
Period = 2

(b) f(x)=

0 T<X <27
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From Fig. 13-9 below it is seen that the function is neither even nor odd.

f(X)
s . \ =~
\ Y
\\ \\
X
21 N i o) \Ir 2 \\ &
N N
~"-. \\
Fig. 13-9
Ic" fIx"# x!10$ x";0< x < 10; Period# 10:
From Fig. 13-10 below the function is seen to be even.
f(X)
~ TN
s ~
Ve \
\ 7/ \ /
\ / \ 25 /
N / \ /
AN \ /
| | 1 X
-10 ¢ 5 10
Fig. 13-10
13.9. Show that an even function can have no sine terms in its Fourier expansion.
Method 1: No sine terms appear ifb, # O;n# 1;2;3;.... To show this, let us write
I | I
L ] Y I ‘L I
b, # 1 f!x"sinn'—xdx# 1 f!x"sinn'—xdx%— f!x"sinn'—xdx "
L st L L sL L 0 L
If we make the transformation x # $ u in the brst integral on the right of (1), we obtain
| | " |
o | i | i |
10 ersin™ s L ngursin s ™Y quss L nswsin™ Y 12"
L s L L o, L Lo L
1t nl u 1t nl x
#$ — flu'sin—du#$ - fix"sin—d
$L0usmLu$LoxsmLx

where we have used the fact that for an even functioh!$ u" # f!u" and in the last step that the dummy
variable of integration u can be replaced by any other symbol, in particulax. Thus, from (1), using 2), we

have
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L
b 1" L[ fm%ln@dx%—J f#<$sn@dxl 0

0 L
1
. a nx nax
Method 2: Assume f1k$ | 7%;<a“COS—L %b, sin -~ )
1
) a nmx |, nx
| ) _ _
Then f# x$ ! > /c>n§!1(ancos 3 by sin C )

If f#S$is even,f#"'x$! f#&$ Hence,

1 1
oZ<ancos—%b sin nL—X)I %%;@ncosn%x" b, sin nLLX)

1

=]

1

and so Zb sin ™1 o, ie., fk$! %%Zancosmz—x
n 1 n 1

and no sine terms appear.
In a similar manner we can show that an odd function has no cosine terms (or constant term) in its

Fourier expansion.

L
13.10. If f#$is even, show that &) a,! %J f#($cosnLLX dx, #$b,! 0.
0

L 0
% a,! %J f#$co s@dx| %J f#<$cosnLLde% J f#($cos@dx
" "L

Letting x!'" u,

0
EJ f#S$co @dxl —J f#"u$cs( ””“)d ! —J f#usscos@du
L Jo

L
since by debPnition of an even functiorf#'u$ ! f#i% Then

L
a, ! H fm&os?du%ﬁj f #$c0s @dxl %J f#$co @dx
0

(b) This follows by Method 1 of Problem 13.9.

13.11. Expand f#$ ! sinx, 0 < x < 7, in a Fourier cosine series.

A Fourier series consisting of cosine terms alone is obtained only for an even function. Hence, we
extend the debnition off #$so that it becomes even (dashed part of Fig. 13-11 below). With this extension,
f#$is then debned in an interval of length 2. Taking the period as 2r, wehave 2. ! 27 so thatL ! 7.

Sx)
-~ ~ TN - -
N s N s \ d N7
N s N/ \ / \ 7/
Y \l’ ] X
-2 - o T 2
Fig. 13-11

By Problem 13.10,b,! 0 and

a,! —J f#$co %dx' EJ sinx cosnx dx
L T Jo



FOURIER SERIES [CHAP. 13
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Y 1" _cogn+1)x  cog 1)#
== {Sln(x + nx) + sin(x — nx)} = — & o & a
! n+1 n—1
1 1 —cogn+1)! cogn—-1! -1 1 1+cosn! 1+ cosn!
+ == -
! n+1 n—1 ! n+1 n—1
—2(1+ cosn!) .
= if 1
L2 = 1) n#
2! : 2 sin®x
For n =1, a =+ sinxcos,\'dx:'— 5 =
. O .

smxdx = f( cos;c)§
0

For n=0; ap =
‘0
2 2% (1+cosn!
Then f()— (—{_27’1) osnx
! '62 nc—1

Ve
2 4 cosZx cos4r cos6y
ST 2ot 1Tes

13.12. Expand f(x) = x;0< x < 2, in a half range @) sine series, X) cosine series

(«) Extend the debnition of the given function to that of the odd function of period 4 shown in Fig. 13-12
Then 2L =4, L = 2.

below. This is sometimes called thedd extensiorof f(x)

S()
4 7/
7/ / 4 /
7/ y 7/
Z o) 4 X
! 71 ) 7 I A ]
—6 7 —4 -2 / 2 / 4 6 /
/ 7/ /7 7/
7/ 7/ /7 7/
Fig. 13-12
Thus g, = 0 and
|
‘L 1 ’ ]
b=2 fsin™Sdav =2 xsin™F ay
L L 2 2
" Py & % &
_ -2 n! x 1 —4 n! x 4 |
= (x) —cosT - ﬁsmT O_Fcosw
Xo 4 nl
Then f(x)=  — cosn! sin——
”w} 2 &
=— llnz—}sm&—i—lsini—
Tl 2 2 2 3 2

(h) Extend the dePnition off(x) to that of the even function of period 4 shown in Fig. 13-13 below. This is

the even extensiowf f(x). Then 2L =4; L = 2.
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f()
LN /\ \ VA
, N\ / N\ N / \
N N\ N 7/
I \T/ T o) i Y T X
-6 -4 -2 2 4 6
Fig. 13-13
Thus b, =0,
| |
i | Iy |
an:E f(x)cosM dx:g xcosM dx
L o L 2, 2
$ " # " # %
= (X) 2 gin X -1 4 cosMX §
B n! 2 n2 2 2 %
:%(cosn! -1 If n#£0
!2
If n=0ag= xdx=2:
0
X 1 I
Then fx)=1+ J.W(cosn! —1)005%
g !
8 X 3x 1 5 x
:1—|—2 COS—+C

> 2 OST—F?COST"‘"'

It should be noted that the given functionf (x) = x, 0< x < 2, is representedcqually well by the
two different series in @) and (b).

PARSEVALOS IDENTITY

i 2

= (feoPdx =2+ (8 +b)
L . 2

where the integral is assumed to exist.

13.13. Assuming that the Fourier series corresponding td (x) converges uniformly tof (x) in (—L; L),
prove ParsevalOs identity

[N

.
I fo0) =24

I |
5 ancos'TX + b, sin'T , then multiplying by f(x) and integrating term by term
n=
from —L to L (which is justibed since the series is uniformly convergent) we obtain
I , ao!L w$ 1L o I g ?
{(fx)}dx=—  f(x)dx+ a, f(x)cos—— dx + b, f(x)sin — dx
—L 2 n=1 —L L -L
a
=JL+L @ +b) ()
n=1
where we have used the results
| I I
i | i | i
f(x) cosn'—x dx = La,; f(x)sin LR dx = Lby; f(x)dx = Lag
obtained from the Fourier coelcients.

(®)

351
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The required result follows on dividing both sides of {) by L. ParsevalOs identity is valid under less
restrictive conditions than that imposed here.

13.14. (a) Write ParsevalQOs identity corresponding to the Fourier series of Problem 131)2(

1 1

: 1 1
(b) Determine from (a) the sumS of the serle% + itttz -+
3 n

(@ HereL =2,a9=2;a,= T 2(cosn —1);n#0;b,=0.

Then ParsevalOs |dent|ty becomes

1(? 12 (2
3| toora=3] ca=2 +Z 18 (cosnt —17

2)_
or §—2+64 1+1+1+ i.e l+1+1+ i
37 14 3 o4 3 T 96
1 1 1 1 1 1 1 1 1
b) S=
(b) tuatat ( tmtmt ) <24+44+ +- )
1 1 1 1/1 1 1
atgmtat ) tulptatat
|4 | 4
=é—6+ 1_6; from which S:é—o

13.15. Prove that for all positive integersM,

% Z(an+b J L{f(x)}zdx

wherea,, and b, are the Fourier coe!cients corresponding to f (x), and f (x) is assumed piecewise
continuous in (—L; L).

M
Let Sy (X) = ;<an cos™ X 4 b, sin n:_—x) 1)

For M =1;2;3;... this is the sequence of partial sums of the Fourier series corresponding t¢x).
We have

L
J (F(0) — Sy (02dx A 0 @
L

since the integrand is non-negative. Expanding the integrand, we obtain
L

L
S2(x)dx @ J i Goax 3

ZJLL f(X) Sy (X)dx — J

Multiplying both sides of (1) by 2f (x) and integrating from —L to L, using equations ) of Problem
13.13, gives

L aS M
2J f(x)SM(x)dXZZL{E+Z(aﬁ+bﬁ)} %)
-L n=1
Also, squaring (1) and integrating from —L to L, using Problem 13.3, we bnd
L a(Z) M
| shooax= L{5+Z<aﬁ+bﬁ>} ©
-L n=1

Substitution of (4) and (5) into (3) and dividing by L yields the required result.
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Taking the limitas M 1, we obtain BesselOs inequality

'L

f £ #$§ dx #$
%L

0,

2 X
% 21 p2 1
5! ! bn$@|_

n"1

If the equality holds, we have ParsevalOs identity (Problem 13.13).

We can think of S, #%$as representing arapproximationto f #$ while the left-hand side of @), divided
by 2L, represents thanean square erroof the approximation. ParsevalOs identity indicates that &8 ! 1
the mean square error approaches zero, while BesselsO inequality indicates the possibility that this mean
square error does not approach zero.

The results are connected with the idea afompletenessf an orthonormal set. If, for example, we were
to leave out one or more terms in a Fourier series (say cos4=L, for example), we could never get the mean
square error to approach zero no matter how many terms we took. For an analogy with three-dimensional
vectors, see Problem 13.60.

DIFFERENTIATION AND INTEGRATION OF FOURIER SERIES

13.16. (a) Find a Fourier series forf#$ " x% 0< x < 2, by integrating the series of Problem 13.12}.
IRARE Ak
(b) Use (@) to evaluate the series ———.
n" 1
(@ From Problem 13.12¢),

4 Ix 1  2lx 1 . 3'x
_ 06— — 1 = —__ 0
i sin 5 A)25|n 5! 33|n 5 0 & & & #l$

X

Integrating both sides from 0 tox (applying the theorem of Page 339) and multiplying by 2, we bnd

16 Ix 1 2lx. 1 3 x
2
X C%!—2 0057%?c037!?0057%&&& ®?$

" #
1 1 1

where C" —6 1%=! %5 !8&&&:

!2 22 32 42

(b) To determineC in another way, note that (2) represents the Fourier cosine series fo® in 0 < x < 2.
Then sinceL " 2 in this cese,

Then from the value of C in (a), we have

X poq g 1 1. 1 12 4 12
" 10/_’ il —I 1|_ " _
2 2 g gt 4%&%T

n"1

13.17. Show that term by term dilerentiation of the series in Problem 13.124) is not valid.

| |
2x, cosg"Tx%&&&

. - . I'x
Term by term differentiation yields 2 cosi%cos 5!

Since thenth term of this series does not approach 0, the series does not converge for any valuexof
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CONVERGENCE OF FOURIER SERIES

singM 1 1o
13.18. Prove that (a) %! cost! cosa! """! cosMt # 712
| | 2sinzt
17! sindM ! 1% 1 170 singM ! 2% 1
(b) — ,—lzdt#—; — _712dt#—:
o 2sinst 2 ' e 2sinst 2
(@ We have comtsinit # fsinth! 1%& sinth & 1%g
Then summing fromn# 1to M,
sinitfcost! cosa! """! cosMtg # $indt & sinit% ! Bin3t & sin3t%

LrerlosingM | 2%& sindM & 296
# $fsindM | 1%& sinitg

On dividing by sinit and adding 3, the required result follows.

(b) Integrating the resultin @) from &! to0Oand Oto!, respectively. This gives the required results, since
the integrals of all the cosine terms are zero.

L N
13.19. Prove that |'I1m f &oBiNNXx dx # I|ilm f&%osnxdx # 0 if f &%s piecewise continuous.
n: n

&! &!

2 X
This follows at once from Problem 13.15, since if the serie%! 519,2]! bﬁ%’s convergent, |Iliman #
lim by # 0. w1 "

The result is sometimes calleRiemann’s theorem.

13.20. Prove that Mlign f&96indM ! Jokdx # O if f &%s piecewise continuous.
: 1

&!

We have
| | |

 fHO6INM | losdx#  ffxosinixgcosMxdx |

f f &90s3 xgsin Mx dx
&! &! !

&!

Then the required result follows at once by using the result of Problem 13.19, with&%replaced by
f&9sinlx and f $%os3x respectively, which are piecewise continuous ff$%s.
The result can also be proved when the integration limits ara and b instead of &! and ! .

13.21. Assuming thatL # ! ,i.e., that the Fourier series corresponding td %has period 2. # 2! , show

that
|
X ! singM | 1o
SM&%#@! %, cosnx ! bnsinnx%#& f&! x%——2-d
2 Y 2sin;t

Using the formulas for the Fourier coelcients with L # !, we have

$ .1 % $ .1, %
a,cosnx! bysinnx # T f % o0snudu cosnx! T f9%in nudu sinnx
HEY ©oel
1 . .
#T f 1% osnucosnx ! sinnusinnx %u
T &
1
# T f $u%0snd & x%lu
C&!
1 Y
2 |
Also, —#—
S 2 # o, FROAU
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ag N -
Then Sy X" # 7$ la, cosnx $ b, sinnx"

M I
1°" l)M 4
# — flu"du$ — flu"cosnlu%x"du
T % nn#l Yo )
1t n
#=  flu" =% cosnlu%x" du
T Y 1
|
17 sintM $ 1"lu%x"
# _ f!u"%ﬁ
T o 2sinz!u%x

using Problem 13.18. Lettingu%x # t, we have

|

17 sintM $ L't

Sw!x"# = flt$ x" ——52
T omox 2sinzt

Since the integrand has period 2, we canreplace the interval%mr %X, 7 %X by any other interval of
length 2r, in particular, %, . Thus, we obtain the required result.

13.22. Prove that

# ! !

fiIx$0"$ fix %0O" 19 f1t$ x"%fIx %0"
T

Sy X" % #
M ° 2 Yor 2sinit

sintM $ $"tdt

|
| :
17 flt " %f ! (O
$ = $ .01X$ sintM $ J'tdt
T o9 2sinzt

From Problem 13.21,

1!O sintM $ 1t 1!”

Suix"# =  flt$ x"——2-dt$ = flt$x
T o 25|n§t T 0

.SintM $ 2t
2sinit
Multiplying the integrals of Problem 13.18() by f!x %0" and f!x $ 0", respectively,
|
sintM $ 2't 1 sintM $ 2't

|
] " $ flx %0" Y
fIx$ 0"$ 11x %0, 17 4 gp0r dt$ = fix$ 0"

1o
2 T o 2sinit T oo 2sinit

Subtracting (2) from (1) yields the required result.

13.23.1f f1x" and f 3x" are piecewise continuous in%m, =", prove that

I \J ' 0 \J
lim Sy Ix" # filx$ 0"$ fIx %0
M1 2

o flts x"%fix$ 0. . : . N :
The function $ o7 Ix $ is piecewise continuous in O<t @ = becausef !Ix" is piecewise con-

inl
tinous. 2sint

o fi$ x"%fIx$ 0" o f1tS x"%fIx$ 0" t o fE$ x"%f!Ix$ 0"
Also, lim — # lim — m
t 0% 23|n§t tl 0% t Zsmit t 0% t

since by hypothesis 3x" is piecewise continuous so that the right-hand derivative of!x" at eachx exists.

exists,

flit$ x"%f!x %0"
2sinit

fltd x"%flx %0"
2sint

Thus,

is piecewise continous in @ t @ .

Similarly, is piecewise continous iar @ t @ O.
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Then from Problems 13.20 and 13.22, we have

! f(x+0)+f(x—-0)
2

fx+0)+f(x-0)
2

MIlinmSM(x)— =0 or MllinOOSM(x):

BOUNDARY-VALUE PROBLEMS

13.24. Find a solution U(x; t) of the boundary-value problem

@ _@u

= 3= t>0,0<x<2
@ @?

uo;)=0,U(2t)=0 t>0

U(x;0) =x O<x<?2

A method commonly employed in practice is to assume the existence of a solution of the partial
dilerential equation having the particular form U(x;t) = X(X) T (t), where X(x) and T (t) are functions of
x andt, respectively, which we shall try to determine. For this reason the method is often called the method
of separation of variables
Substitution in the dilerential equation yields
@ @ dT d?Xx
1) —=(XT)=3=(XT or 2) X—=3T—
Q) X1 =35 *T) @ X §r=3T 3
where we have writtenX and T in place of X(x) and T (t).
Equation (2) can be written as

1dT  1d%X 3
3T dt = X dx? 3
Since one side depends only ohand the other only on x, and sincex andt are independent variables, it is
clear that each side must be a constart.

In Problem 13.47 we see that i€ A 0, a solution satisfying the given boundary conditions cannot exist.
Let us thus assume that is a negative constant which we write as-! 2. Then from (3) we obtain two
ordinary dilerentiation equations

dT ) a>x
—+ 3T =0; — 41X =0 4
at * C st )
whose solutions are respectively
T=Ce®t X =A;cos!x+Bjsin!x (5)

A solution is given by the product of X and T which can be written
Ux:t) = e (A cos! x + Bsin! x) (6)

where A and B are constants.
We now seek to determineA and B so that (6) satisbes the given boundary conditions. To satisfy the
condition U(0; t) = 0, we must have

et A)=0 o A=0 )
so that (6) beames
12t .
U(x;t) =Be™ 'sin! x (8)
To satisfy the condition U(2; t) = 0, we must then have

Be ¥ tsin2 =0 9)
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Since B! 0 makes the solution §) identically zero, we avoid this choice and instead take

sin2 | 0 ie, 2! m" or I! m? “J0#

wherem! 0;$1,$2;....
Substitution in (8) now shows that a solution satisfying the brst two boundary conditions is

m" x
2
where we have replaced by B,,, indicating that di'erent constants can be used for dilerent values ofm.
If we now attempt to satisfy the last boundary condition U"x; 0#! x;0< x< 2, we bnd it to be

impossible using (/). However, upon recognizing the fact thatsums of solutions having the form (/1)
are also solutions (called theprinciple of superposition), we are led to the possible solution

2024 .
U'x; t#! B,,e”"" ™ sin "] I#

X o "
Uit B, gin X " o#
m! 1
From the condition U"x;0#! x;0< x < 2, we see, on placing! 0, that (/2) becomes
X "
xt o oB,sin™r  0<x<2 "I3H
m! 1 2
This, however, is equivalent to the problem of expanding the functiorf™x#! x for 0 < x < 2 into a sine

. . o . . %4
series. The solution to this is given in Problem 13.12j, from which we see thatB,, ! Wcos ' so that

(12) bemmes
!

X 4 . "
U'x; t# % cosm" """ gjn g "4
m' 1

which is aformal solution. To check that (14) is actually a solution, we must show that it satisPes the partial
dilerential equation and the boundary conditions. The proof consists in justibcation of term by term
dilerentiation and use of limiting procedures for inbnite series and may be accomplished by methods of
Chapter 11.

The boundary value problem considered here has an interpretation in the theory of heat conduction.

@

The equatlon@ ! k@ is the equation for heat conduction in a thin rod or wire located on thex-axis

betweenx! Oandx! L ifthe surface of the wire is insulated so that heat cannot enter or escapel/"x; r#is
the temperature at any placex in the rod at time 7. The constantk! K=s# (where K is the thermal
conductivity, s is the specific heat, and # is the density of the conducting material) is called thediffusivity.
The boundary conditions U"0; t# ! 0and U"L; ##! 0 indicate that the end temperatures of the rod are kept
at zero units for all time ¢ > 0, while U"x; O#indicates the initial temperature at any pointx of the rod. In
this problem the length of the rod isL ! 2 units, while the dilusivity is £! 3 units.

ORTHOGONAL FUNCTIONS

13.25. (a) Show that the set of functions

1; sin "x'cos"x'sin 2"x'cosznx'sin 3"x'cos3"x'
il L 1 L 1 L 1 L ’ L ] L g e e
forms an orthogonal set in the interval"%L; L#
(b) Determine the corresponding normalizing constants for the set inaj so that the set is

orthonormal in "%L; L#

(a) This follows at once from the results of Problems 13.2 and 13.3.

(b) By Problem 13.3,
#L " #L

L om" X m" x
siP—"dx! L: cod dx! L
%L L %L
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| . r III" 1 5 !L r . | 2
mix mimx
Th s "1 Zcos—— dx" 1
en LI sin 7 d , LI S 7 d
l, # $,
Also, M dx" 2L  or prne gy 1
1L 1. 2L

Thus the required orthonormal set is given by

Yowmg Lo X L wx L. 27x 1. 27X
pP—""p—"85in —, p—"tos —, p—"85in — , p—"tos—, ...
2L L L L L L L L L

MISCELLANEOUS PROBLEMS

13.26. Find a Fourier series for f#$ " cosax,! 7 @ x @ 7, wherea 6"0, %1, %2, %3, .. ..

We shall take the period as # so that 2L" 27, L" =. Since the function is evenp, " 0 and

2!L !rr

X 2
a, " f#S$cosnxdx" — cOSwoxcosnxdx
T o

L

1

= fcosty! n%r & costr & n$egdx
B

s -

Vg

2

al n a&n el n2$

. . & .
ingy ! n$r&sm#x&n$r . 2aSinamwcosnm

Then

sinar _ 2asinar®  cosnw
& 5 > COSnx
(%4 T Lot

n" 1 $
sinar 1 20 20 20
" 4 |
p- o 21 12 COSX&aZ! 2 cos 2 ! 13 cos 3k &

cosax "

| | |
2 2" 2

13.27. Prove that sinx " x 1! x_z 11 =~ 11X e
T o Br¥

Let x" = in the Fourier series obtained in Problem 13.26. Then

#
. Sinamr 1 2a 2x 2 .

COSu — & &
b4 a o?l 12?1 227 21 32

or

1, 2« 2 2a .
7 cotarr ! o o2 12&a2! 22&a2! 32& #1%
This result is of interest since it represents an expansion of the contangent into partial fractions.
By the WeierstrassM test, the series on the right of I) converges uniformly for 0@ joj @ jxj < 1 and
the left-hand side of (1) approaches zero asx! 0, as is seen by using LOHospitalOs rule. Thus, we can

integrate both sides of {) from 0 to x to obtain

| # $ L, g
JTCO'[OHTI — da" Zida& ﬁdd&”l
0 o 0 1 oo 12
% !2 5
n '
or n 2T 1 S a1 L g

ar 12 2
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N —

!
2

. " sin! x _ G L X L X
ie., I ! nI!|lm In 1 2 #1n 1 ra #358#n 1 2
I I |
. ( X2 NG xé)
! nI!|lm In 1 Z 1 > $$851 =
( ! ! 1)
2 2 2
. X X X
| w X2 w X2 w X2
Lin lim 1 % 1 > $8351 7
so that
! ! | | !
sin'x NG NG NG X2 NG
| w X2 w X2 W X W X2 w X2
Ix nl!llm ! 12 ! 22 $$51 n? 1 12 1 22 $3% 28
Replacing x by x=!, we obtain
| |
2 Xz'
sinx! x 1" R~ $$3% 38
[ nl &

called the infinite product for sin x, which can be shown valid for allx. The result is of interest since it
corresponds to a factorization of sinx in a manner analogous to factorization of a polynomial.

13.28. Prove that .. 1 2224496363638

2 133$3$5587$7%9. ..
Let x ! 1=2 in equation (2) of Problem 13.27. Then,
| wo wo " T
2 1 1 1 13"
<, w L w w ;L
! 1 » 1 e 1 & $33! 23‘5

Taking reciprocals of both sides, we obtain the required result, which is often calletallis’ product.

Supplementary Problems

FOURIER SERIES

13.29. Graph each of the following functions and Pnd their corresponding Fourier series using properties of even
and odd functions wherever applicable.

# 8 0<x<?2 ) #"x "4@x@0 .
%& f %& ! Period 4 %& f %& ! Period 8
"8 2<x<4 X P@x@4
#
. X 0@x<3 .
00& f %& ! 4x;0< x < 10; Period 10 %& f %& ! Period 6
0 "3<x<0
16X op" 1& . nl gX op" 1 & !
Ans: %& i ﬂ sin M %& 2" — ﬂ COSn—
. n 2 12 n2 4
n 1 n1!#1 $
X | X 0, | | | |
%8 20" 40 }sin n! x 088 §# 6%osn! 1&cosn'x" 6 cosn! sin n! x
" 5 27 1 n2! 2 3 n! 3

13.30. In each part of Problem 13.29, tell where the discontinuities of %&are located and to what value the series

converges at the discontunities.
Ans. (@) x! 0;' 2;' 4;...;0 %& no discontinuities () x! 0;' 1G;' 20;...;20
(d) x!" 3'9"15...;3
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13.31.

13.32.

13.33.

13.34.

13.35.

13.36.

13.37.

FOURIER SERIES [CHAP. 13

2% x O<x<4

[
Expand f1x" # {x$ 6 4< y< 8

in a Fourier series of period 8.

16 1 3x 1 5l x
Ans: {COST%? cosT %? cosT %&8}

(a) Expand f'x" # cosx;0< x <! ,in aFourier sine series.
(b) How should f1x" be dePned att # 0 and x # ! so that the series will converge tg'!x"for0 @ x @ ! ?

8 < 1 sin 2nx
lg" =N S 1t f10"# MH O
!;4112351 / J

(a) Expand in a Fourier seriesf!1x" # cosx;0< x <! ifthe periodis!;and (b) compare with the result of
Problem 13.32, explaining the similarities and dilerences if any.
Ans.  Answer is the same as in Problem 13.32.

O0<x<4

8¢ v 4<x<8 in a series of ) sines, () cosines.

Expand f1x" # :

L3231 o nlx . 16g~/2cosn!=2% cosn! $ 1 nl x
Ans: la —E — Sin — sin b !25#1( ", )cosT
1

Prove thatfor0@ x @ !,

12 /cos2c_ cosdv  cos6x
lg" x!! "H — % % % & &)&
@ 6$< 2z 2 TR )

1" X1 $ X" # ?(S'lr;x%is'gf” /5?50/ &%&

Use the preceding problem to show that

1 |$ lun$l I 2 1 |$ 1un$1 I 3
; oy T g " S S
; 2 ; n? 12 n;lzn$ 13" 32
p
1 1.1 1 1 1 I22

DIFFERENTIATION AND INTEGRATION OF FOURIER SERIES

13.38.

13.39.

(¢) Show that for $!< x<!,

v 2(5I:x$ smsz sm3>c$&&>§

(b) By integrating the result of @), show that for $! @ x @ !,

cosx $ cos cosS»c
12 22 3?
(c) By integrating the result of ¢), show that for $! @ x @ !,

2
X2 # %$4< $&8>

sinx S|n2x S|n3x
13 $ 23

xI $ X"l %x"# 12( $ &8)
(a) Show that for $!< x<!,

183 284
(b) Use (a) to show that for $! @ x@ !,

2 4
xcosx #$ fSInx%2<— sin2x $ 3 Sln&%% sindx $ &8)

. 1 Ccos 2 cosSx cos4x
xsinx # 1$§c05x$ 2< 123 $ e P 3% $&8>
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13.40.

By dilerentiating the result of Problem 13.35(), prove thatfor0 @ x @ !,
: r

| !
I, 4 COSx# cosSx# cos;»c# £35S

x!

2 1 12 3? 5

PARSEVAL’S IDENTITY

13.41.

13.42.

13.43.

13.44.

By using Problem 13.35 and ParsevalOs identity, show that

Rog 14 Ao a8
we& ! — %& 1 ——
n!1”4 90 n!1”6 945
Show that 1 # 1 # 1 #$$$'!2" 8 [Hint: Use Problem 13.11.]
12$32° F$52 52$72 © 16 ' o
1 14 R 1 18

X
Show that — | —; %& — ! —
owha (a) n 1 Y%n " 1§ 96 n 1 %n " 1§ 960

1 1 42" 39

A
Show that 12$22$32# 22$32$42# Th R 52#$$$. 16

BOUNDARY-VALUE PROBLEMS

13.45.

13.46.

13.47.

13.48.

13.49.

13.50.

U . . . .
(a) Solve%! 2%2 subject to the conditionsU%; & ! 0; U%; t& ! 0; U%; 0& ! 3sin! x" 2sin5 x, where

0< x< 4;:>0.
(b) Give a possible physical interpretation of the problem and solution.
Ans: %& U%; 1&1 3¢ 2 sint x" 2 5% sin5l x.

#
Solve%! % subject to the conditions U%; (& ! O; U%; & ! 0; U%; 0& ! (1) g: i: 2 and interpret
physically.

$, . %
1 com!=3& e" m? 21=36 sin m! x

X
Ans: U%; t& ! 2 —_
m! 6

m! 1

Show that if each side of equation §), Page 356, is a constant where ¢ A 0, then there is no solution
satisfying the boundary-value problem.

A Rexible string of length! is tightly stretched between pointsx! Oand x! ! on the x-axis, its ends are
Pxed at these points. When set into small transverse vibration, the displacement; t&from the x-axis of

ar, -
(@2 L
(a) Find a solution of this equation (sometimes called thevave equation) with a®! 4 which satispes the
conditions Y9%; t& ! O; Y% (& ! O; Y%; 0& ! O:1sinx# 0:01lsin4; Y,%;0&! Ofor0< x<!; > 0.

(b) Interpret physically the boundary conditions in ¢) and the solution.

Ans. (@) Y%; t& ! O:1sinxcos 2 # 0:01sin4xcos &

. . . Y . .
any point x at time ¢ is given by % whereq®! T=";T'! tension," ! mass per unit length.

Y Y . .

(a) Solve the boundary-value problem%! 9% subject to the conditions Y%; t&! O; Y%; t& ! O,
Y%;0& ! 0:05x%8" x& Y,%;0&! 0, where 0< x < 2;¢> 0. (b) Interpret physically.

A X P o,
Ans:  %& Y %; t& ! L6 1 sin B 18 x cossan 181

13 " 18 2 2

@, @ .. . . —

Solve the boundary-value problem@! @ U%; t&! 1, U% t&! 3, U%; 0& ! 2.

[Hint: Let U%; & ! V%; t& # F%&and chooseF%&so as to simplify the dilerential equation and boundary
conditions for V'%; (&
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2x R 4cosm!
Ans Ulx;t"# 1$—$ %

m# 1

2t .
"™t sinmx

13.51. Give a physical interpretation to Problem 13.50.

13.52.

FOURIER SERIES

[CHAP. 13

Solve Problem 13.49 with the boundary conditions forY !x; 0" and Y,!x; 0" interchanged, i.e.,Y!x;" # O;

Y!x; 0" # 0:05x!2%Xx", and give a physical interpretation.

32X 1

| 0, "y
Ans. YIX:t"# —= .2nA)1.xsn

312n% 1" t

34 L 12n%1 SN

2

13.53. Verify that the boundary-value problem of Problem 13.24 actually has the solution/¢), Page 357.

MISCELLANEOUS PROBLEMS

13.54. If % < x<! and" 6#0; &1;&2;...; prove that
! s.in“x sinx 00Zsin2x$ 35in3x%,,,
2 sin" 12962 7229627 F "2
13.55. If %' < x <!, prove that
I sinh" x sinx 2sin2x . 3sin3X
g > o% %'
2 sinh"! "2$ 12 0"2$ 23$"2$ 3
I cosh"x , 1  "cosx . " cosX
b - ————# =% %'
2 sinh"! 2" 0"235 12$ "2g 22 °
! ! !
x2 x? X
13.56. Prove that sinhx # x 1$ = 1$ —— — "
2 121 n2 131 n2
! ! !
4x? 4x? 4x?
13.57. Prove thatcosx # 1% 1% 19
1 2 13! u2 151 u2
[Hint: cosx # ! sin 2x"=2sinx":(
pi
2 '3'5'7'9'22'13"'15. ..
13.58. Show that (& —#
" @ '.2'6' '10'10 14'14.. 4
p'" 4'4'8'8'12'12'16' 16. ..
I
® 2#4357'9 11'13'15'17...
13.59. Let r be any three dimensional vector. Show that
@ r'i%$lrj? < " I i $lr 2 Sir kP # P
and discusse these with reference to ParsevalOs identity.
$b( ) 2
13.60. If f#,!x"gn# 1;2;3;...is orthonormal in (&; b), prove that fIx"%  c#,!x" dxisaminimum when
$, a 1
cp# FIX"#,Ix"dx

a

Discuss the relevance of this result to Fourier series.



