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inclui a singularidade.

i) x*y"+4x'+2y=0, (i) x*y"-3x0'+4y=0,

Solugdo

Ambas equagdes sao de Euler-Cauchy.
(@)
;> restart

> eql = xz-dﬁ(y(x),x$2)+4-x-diﬁ”(y(x), ) +2y(x)=0
2

X
d d
eql = x* [dxzy(x)j +4x(dxy(x)j +2y(x)=0

=> dsolve (eql,y(x))

(ii)
_> eq2 = xz-diﬁ"(y(x),x$2) —3-xdiff (y(x),x) +4-y(x)=0
d’ d
eq2 = x’ [dxzy(X)j —3x (dxy(x)) +4y(x)=0

=> dsolve (eq2,y(x))

y(x)=_CI X —|-_C2x2 In(x)

x = 0 e determine duas solug¢des linearmente independentes parax > 0.
(1) xzy"+2xy'—|-xy=0, (i1) xzy"—l- '+ 2xy=0

Solu¢io
(1)

|:> restart;
[> P := x*2: Q:=2*x: R:=x:

|_> S2 := sum(simplify(P*c[n]* (n+r)* (n+r-1)*x~(n+r-2)), n

¥ 2.Nos problema abaixo mostre que a dada equacdo diferencial tem um ponto singular regular em

o ..

¥ 1. Determine a solucdo geral da equacdo diferencial dada que € védlida em qualquer intervalo que ndo

(1.1)

(1.2)

(1.3)

(1.4)



k);

k
S2:= 22" e (ntr) (ntr—1) @.1.1)
n=0
> s1 := sum(simplify(Q*c[n]*(n+r)*x"(nt+r-1)), n =0 .. k);
k
S1=22x" e (n+r) @.1.2)
n=0
[> S0 :=

sum(simplify(R*c[n]*x"(n+r)), n =0 .. k);
k

S0= " e 2.1.3)
n=0
A equagdo pode agora ser escrita como
> s := S2+S1+S0;
k k k
S = Zx"+rcn (n+tr)ymn+r—1)+ Z2x"+rcn (n+r)+ 2x"+ ! +rcn 2.14)
n=0 n=0 n=0
[> k := 6;
k=6 (2.1.5)

> eql := simplify(S/x"r);
eql :=xsc4—|-3xclr—l—xclr2—|—5x202r+x202r2—|—7x3c3r+x3c3r2—|—9x4c4r(2.1.6)

4 2 5 5 2 6 6 2 6 2
+x c,r + 11x csr-l-x csr + 13 x c6r+x Co T + x c5+xco+cor
7 2 3 4 5 6
+cor+x cé+6x cz+12x c3+20x c4+30x cs+42x c6+2xc1

-|-xzc1 —|—x3c2-|—)c403

:> eq2 := x*3J:
> eq3 := collect(%, x);
eq3:=c6x8—|-<c6r2+42c6—|—13c6r+65)x7—|—(llcsr+c4+3065—|-csr2)x6 2.1.7)
+<c3-|-c4r2+9c4r+2004)x5—|—(cz+c3r2-|-126'3-1-7c3r)x4+(czr2
+502r+602+cl)x3+(3clr+2cl+clr2+co)x2+(cor2+cor)x
> e0 := coeff(eq3, x, 1);
el =c, rz—i-cor (2.1.8)
[> s := solve(e0, r);
s =0, -1 (2.1.9)
> ri t= s[l]; r2 := s[2];
rl =0
r2:=-1 (2.1.10)

Como rI — r2 =1, as relacdes de recorréncias associadas a cada raiz ndo geram solugdes
linearmente independentes. Geremos a primeira solucao

| > ri=rl:

[> eqs := array(2 .. 6);




for n from 2 to 6 do

eqs[n] := coeff(eq3, x, n) =0
end do;
coeffEgs := convert(eqs, list);

eqs =array(2..6, [ ])
eqs, =2c¢ +¢,=0
eqs, =6c¢, +c¢, =0
eqs, =c, +12¢,=0
eqss =c; +20¢,=0
eqsg =c, +30c,=0
coeffEgs = [2c1 —I—co=0,6cz—|-c1 =O,cz+ 120320,03 +2004=0,c4+30c
:0]

. @11

Temos aqui 6 equagdes para 6 incognitas ¢, ac;.
> sl := [seq(c[n], n=1 .. 5)];

sl = [c Cyy Cys C c] (2.1.12)
[>

15253 %4 %5
Resolvendo estas equagdes para a,, obtemos

[> coef := solve(coeffEqgs, sl);

1 1 1 1 1
C,=""70C,Cy= T CnyCya=~"—""70C, C -———c
1 2 0072 2 003 144 0 86400 0

coef = 4~ Hggo 00~

H (2.1.13)

;> assign (coef")
> yl := expand(x"r*(sum(c[i]*x"i, 1 = 0 .. 5))/c[0]);
B 1 1, 1 5 1 1
e Yt Y T Y T ss0 Y T Bea00
Encontremos agora a segunda solucdo. Como r/ — r2 =1 > 0, devemos buscar uma solugao da

forma:

(2.1.14)

y2=BylInx+ xrzgobkxk

> ri=r2
re=-1 (2.1.15)
> y2 := B*yl*ln(x)+x"r2*(sum(b[j]*x"j, j =0 .. 6));
1 1 > 1 3 1 4 1 5
2=B|1— — —x" — - \ d.
Y ( 2T Y T T Y T 2880 F T sea00 ) n(x) (2.1.16)
2 3 4 5 6
N by +b x+b,x"+b,x +b,x +b,x +b.x
X
Se B=0,

[ > coeff (eq3, x,2)

c[0] (2.1.17)



O que implicaria ¢, = 0 , de modo que devemos supor que B # 0.
[ > eq4:=x"2*(diff(y2, x, x))+2*x*(diff(y2, x))+x*y2:
> eq5 = expand (eq4)

11 1 7
eq5 =B — 6 B+ —x'B— ——Bx’ +bx (2.1.18)

1
Bln —
86400 * BIM¥) ~ gea00 * 320 144
2 3 4 5 6 3
-I—be +b3x +b4x +b5x +b6x +2b2x+6b3x +12b4x

+20bx+30bx —%Bx-l—ls—zB -|-b

O termo envolvendo logaritmo deve ser desprezado, pois envolve uma poténcia além de 5.
| Devemos agora igualar a zero os coeficientes de x :

— 1 6
> eq6 = expand((eq5+ 26400 Bln(x)x ))

11 3 1 4 7 3 2 3 4
26400 B+ 320 © B a4 Bx™ +b x+byx"+b,x" +b,x 2.1.19)

eq6 =B —
5 6 2 3 4 5 3
+b5x +b6x +2b2x+6b3x +12b4x +20b5x +30b6x —?Bx

5
— Bx b,
+ T >4

> eqs2 := array(l .. 6);
for n from 1 to 6 do
eqs2[n] := coeff(eq6, x, n-1) =
end do;
coeffEgs := convert(eqgs2, list);

eqs2 = array(1..6, [ ])
equ1 =B+ bo =0

3
eqs2, =b +2b, — ?B=O

5
eqs2,=b, +6b +EB 0

7
eqs24:=—mB+b3+12b4=0

1
2.=—8B 2 =
€qs2s = =5 +b,+200,=0
11

86400

eqs2, = - B+b,+30b,=0

3 5 7
CO€fngSZ: B+b0:0,b1+2b2— EBZO,b2+6b3+ EBZO,—WB-F[):3 (2.1.20)

1 11
+ 120, O3OB+b + 205, =0, ~ 26400

[~ §2:= [B,seq(b[nl,n=1..6)];

$2:= [B.by, by, by, by, by b (2.1.21)

B+ b, +30b,=0




> sol2 = solve(coeffEgs, s2)

56 67 7
sol2 = HB: ~by, b, = - s b, — 86400 b, b, = 50 b, +43200 by, by = - 50 b, (2.1.22)

o1l
86400

49
— 7200 b, b, = 2640 b, +600b,b,=

b, —30b,, b, =b6H
:> assign(sol2)

| Como devemos obter somente uma solugdo particular.

36
15
> = 1 |3
bo L b6 -86400
bo =1
7
= - 2.1.2
b6 162000 ( 3)
(> b,
0 (2.1.24)

=> yy2 = expand (y2)
1 1 2 1 3 1 4
w2 = -In(x) + — In(x)x — — In(x)x* + — In(x) x In(x) x

2 12 144 2880 (2.1.25)
1 5 1 3 7 - 35 3 101 4
T 6400 M) T T 36 T g Y T Bea00
162000
A solucdo geral ¢ entdo,
> Y :=C[1]*yl+C[2]*yy2;
1 1, 1 5 1y 1 s
Y=C |[1— —x+ —x"— —~ -1 1.
Cl( 2x+ 12x 144x +2880x 864OOXJ+C2( n(x) (2.1.26)
1 1 P 1 3 1 4
+ 2 In(x) x T In(x)x™ + a4 In(x)x 2880 In(x) x
1 5 1 3 7 - 35 3 101 4
1 - = A
86400 MY T Y 50 T s Y T Bea00
162000
Resolvamos esta equacio diretamente, com o comando dsolve:
> Order = 7 :
> eq = x"2*(diff (YI(x),x,x)) +2%*x* (diff (YI(x),x)) +x*YI(x)=0;
2
! d B
eq :=x (EY](X) +2x(aYI(x)j+xYl(x)—O (2.1.27)

B dsolve (eq, Y1(x), series)

1 1o, 1 51y 1 s
Yi(x)= CI|1— —x+ —x*— —— e 2.1.2
(x)=_C ( >t Y T Taa Y T 2880 T 86400 (2.1.28)




< |

1 6 7
+ Jeasso0 © T O )J
1 1 5 1 3 1y 1 s
+_C2 x(ln(x)(x+2x TR +144x 2880~
6 7
sea00 © TObx )))
3, 7 3 35 4, 101 s 7 ;
+1 25 T 36 T 128 Y T sea00 ¥ 162000x+0(x)
X

> restart;
> P := x"2: Q:=x: R:=2*x:
> 82 := sum(simplify(P*c[n]*(n+r)*(n+r-1)*x"(n+r-2)), n =0 ..

k);
k
$2 = zox"+rcn (n+r) (n+r—1) Q2.1
=
> s1 := sum(simplify(Q*c[n]*(n+r)*x”~(n+r-1)), n =0 .. k);
k
S1= 25" e (n+r) 2.2.2)
n=0
[> s0 :=

sum(simplify(R*c[n]*x"(n+r)), n =0 .. k);
k

S0:= D 2x" 1T 2.2.3)
n=0
A equagdo pode agora ser escrita como
[> S := S2+S1+S0;
k k k
S = Zx"+rcn (n+r)y(n+r—1)+ Zx"+rcn (n+r)+ Z2x”+1+rcn 2.24)
n=0 n=0 n=0
[> k := 6;
k=26 (2.2.5)
> eql := simplify(S/x"r);
eql =xc Praxte r+xie P +6x e r+x et +8x e, r+xte, (2.2.6)

1 2 2 3 3 4 4
5 5 2 6 6 2 7 2 2
+ 10 x csr—l—x e r + 12 x c6r—|—x Co T +2x c6+cor +4x c,
3 4 5 6 2 3
+9x c3+16x c4+25x cs+36x c6+xcl+2xco+2x cl+2x c,

4 5 6
+2x c3+2x c4+2x cs+2xclr

i> eq2 := x*%:



> eq3 := collect(%, x);
eq3 :=2c6x8 + (205 + 1206r-|-c6r2 +36c6)x7 + (25 cs+2¢, +10¢cr 2.2.7)

-I-c5r2>x6—|—(1604—|-804r+c4r2-i-203>x5—|—(603r-|-c3r2-|—9c3

+202)x4+(2c1+c2r2+4c2r+402)x3+(cl+200+clr2+201r)x2
+cor2x
[> e0 := coeff(eq3, x, 1);
el =c, 1’ (2.2.8)
=> s := solve(e0, r);
s=0,0 2.2.9)
[> r1 := s[1l]; r2 := s[2];
rl =0
2:=0 (2.2.10)

Como ] — r2 = 1, as relagdes de recorréncias associadas a cada raiz nao geram solugdes
linearmente independentes. Geremos a primeira solucao
| > ri=rl:
> eqs := array(2 .. 6);
for n from 2 to 6 do

eqs[n] := coeff(eq3, x, n) =0
end do;
coeffEqgs := convert(eqs, list);

eqs =array(2..6, [ ])

eqs, =c, +2¢,=0
eqs, =2c¢ t4c¢,=0
eqs, =9¢; +2¢,=0
eqss =16¢, +2¢,=0
eqsg =25¢,+2¢,=0
coeffEqs = [cl+2c()=0,201+4cz=0,9c3+202=0, 16c4+2c3=0,2505 (2.2.11)

+2c4=O]

Temos aqui 6 equagdes para 6 incognitas ¢, a ¢;.

> sl := [seq(c[n], n=1 .. 5)];
sl = [c Cyy Cqy C c] (2.2.12)
[>

1252053 %4 %5
Resolvendo estas equagdes para a,, obtemos

> coef := solve(coeffEqgs, sl);

2 1 1
coef = 01:_200’02200’032_500’04:%CO’CSZ_450 COH (2.2.13)




|_> assign (coef")
> yl := expand(x"r*(sum(c[i]*x"i, 1 = 0 .. 5))/c[0]);
—1_ 2 23, a1 s
vl=1—2x+x 9 X+ 36 X 450 X 2.2.14)

Encontremos agora a segunda solu¢do. Como r/ — r2 = 0, devemos buscar uma solu¢io da forma:

y2=yllnx+ xrzgobkxk

> ri=r2
r=>0 (2.2.15)
> y2 := yl*ln(x)+x"r2*(sum(b[j]1*x"j, j = 0 .. 5));
2 3 1 4 1 5 2
2=[1—2x+x"— = —x'— — x| In 2.2.1
v ( x+x 9 X +36x 450x) (x) +b,+b x+b,x ( 6)

3 4 5
+b3x +b4x +b5x
Substuindo na equagao diferencial obtemos
[ > eq4:=x"2*(diff(y2, x, x))+x*(diff(y2, x))+2*x*y2:
> eq5 = expand (eq4)
2 4

2 4 3 1 s 2 3 4
eqd = -4x+4x -3 +§x T +b x+4b,x" +9b,x” +16b,x° (2.2.17)

5 I s 2 3 4 5
+25b x = 555 ¥ In(x) +2xb, +2b x" +2b,x" +2b,x +2b,x

6
+2b5x

O termo envolvendo logaritmo deve ser desprezado, pois envolve uma poténcia além de 5.
| Devemos agora igualar a zero os coeficientes de x :

> eq6 = expand( (eq5 + Lx6 In(x) ) )

225
2 4 3 2 4 1 5 2 3 4
eqgb = -4x+4x -3 +3x T +b x+4b,x" +9b,x” +16b,x" (2.2.18)

+25b x° +2xby+2b X +2b, x> +2b,x* +2b,x° +2b,x°

> eqs2 := array(l .. 5);
for n from 1 to 5 do
eqs2[n] := coeff(eq6, x, n) =0
end do;
coeffEqs := convert(eqs2, list);

eqs2 =array(1..5,[])
eqs2, =-4+b +2b,=0

eqs2, =4+4b, +2b =0

4
eqs2, :=—?+9b3+2b220

2
eqs24:=§+16b4+2b3=0




1
eqs2 = —E+25b5+2b420
4 2
coeffEgs == | -4+ b, +2b,=0,4+4b, +2b =0, "3 +9b, +2b,=0, K (2.2.19)
1
+16b, +2b,=0, _E+25b5+2b420
[~ 52i= [seq(b[n],n=1.5)];
§2 = [bl,bz,b3,b4, bs] (2.2.20)
B sol2 := solve (coeffEqs, s2)
22 2 25 1
sol2 = [[b1:4—2b0,b2: —3+b0,b3: 7 - Ebo,bﬂr: —m + %bO’bS (2.2.21)
_ 1371 b
13500 450 0
;> assign(sol2)
| Como devemos obter somente uma solug@o particular,
> bO = 0;
b, =0 (2.2.22)
=> yy2 = expand (y2)
2 1 1
w2=In(x) —2In(x)x+ In(x) - In(x) O+ = In(x) — —x In(x) (2.2.23)
9 36 450
2 22 4 25 4 137 s
FAXTINH Y T 916t 13500
A solugéo geral ¢ entdo,
> Y :=C[1l]*yl+C[2]*yYy2;
2 1 1
Y:=C, (1 —2x+xt— 3x-” + ¥x4 — mf) +C, (ln(x) —21In(x)x (2.2.24)
+ ln(x)x2 _ 2 ln(x)x3 + Lx4 In(x) — Lx5 In(x) +4x— 3 x7
9 36 450
+ 22 3 25 4 137 5
27 % T 216 ¢ T 13500
Resolvamos esta equacio diretamente, com o comando dsolve:
| > Order :== 6
> eq = x"2* (diff (YI(x),x,x)) +x*(diff (YI(x),x))+2-x*YI(x)=0;
2
! d -
eq =x (EY](X) +x(aY](x)J+2xYl(x)—O (2.2.25)
B dsolve (eq, Y1(x), series)
2 3 1 4 1 5 6
YI(x)= _CI|1—2x+x"— = — Xt 222
(x)=_C ( x+x 9~ +36x 150 * —I—O(x )j ( 6)




2 3 1 4 1 5 6
+ C2|In | —2x+x— x4+ —x"——x+ + |4
C [ (x)( x+x 9 X 36~ 150 © O(x )j ( X

2 22 3 25 4 137 5 6
—3 R [ ——
X +27x 6~ + 13500 * +O(x )])




